Abstract We study the total quantum correlation, semiquantum correlation and joint quantum correlation induced by local von Neumann measurement in bipartite system. We analyze the properties of these quantum correlations and obtain analytical formula for pure states. The experiment witness for these quantum correlations is further provided and the significance of these quantum correlations is discussed in the context of local distinguishability of quantum states.
I. INTRODUCTION
Quantum systems are correlated in a way that is inaccessible to classical ones. Furthermore, the correlations have advantages for quantum computing and information processing.
In recent years, many attention therefore have been paid to quantify quantum correlation and different measures have been proposed from different aspects. In bipartite system, discord [1, 2] is first introduced to quantify quantum correlation, which is defined as the difference between two quantum analogues of the classical mutual information. It has been shown that almost all quantum states have nonvanishing discord [3] . Based on this, Ref. [4] puts forward a geometric way of quantifying discord and obtains a closed form of expression for two-qubit state. In Refs. [5, 6] , they investigate the quantum correlation induced by local von Neumann measurement and reveal its equivalence with the geometry of discord.
In multipartite systems, a unified view of correlations has been discussed using relative entropy and square norm as the distance respectively [7, 8] . Then Ref. [9] defines the genuine correlation as the amount of correlation that can not be accounted for considering any of the possible subsystems. Recently, postulates for measures of quantum correlations have been proposed [10, 11] , but the quantum correlation is still far from being understood.
Since quantum states can be divided into classical state, semiquantum state and truly quantum state, quantum correlations are classified into total quantum correlation, semiquantum correlation and joint quantum correlation in terms of local von Neumann measurement [5, 6, 12] . We study the properties of these quantum correlations and calculate the analytical formula of these quantum correlations for pure states. It is shown that these quantities coincide for pure state and are proportional to the squared concurrence. Furthermore, we provide a witness for experimental detection of these quantum correlations by employing the strategy in Ref. [12] . The result is finally applied to local distinguishability of quantum states, showing that the nonexisting joint quantum correlation is the necessary condition for distinguishing two-qubit separable and orthogonal pure states locally.
II. QUANTUM CORRELATIONS INDUCED BY LOCAL VON NEUMANN MEA-

SUREMENT
Let H m and H n denote m and n dimensional complex Hilbert spaces, with {|i } m i=1 and {|j } n j=1 the orthonormal basis for H m and H n respectively. Let ρ be a density matrix defined on H m ⊗ H n . We call ρ a classical correlated (C-C) state if ρ = ij p ij |ij ij|, 0 ≤ p ij ≤ 1,
to be a quantum-classical (Q-C) correlated state. For short, the C-Q and Q-C states are called semiquantum ones which can be of both quantum and classical correlations [2, 7] .
v } stand for the local von Neumann measurements acting unilaterally on the first and second subsystems respectively,
(1) Let Φ 12 ≡ Φ 1 • Φ 2 be the local von Neumman measurements acting bilaterally on ρ,
Generally, Φ i (ρ) is semiquantum state and Φ 12 (ρ) is classical state. The quantum correlation is then defined as the change of the quantum state ρ induced by the local von Neumann measurement.
First, for arbitrary quantum state ρ, the distance minimized under all local von Neumann measurements Φ i ,
is defined as quantum correlation with respect to the i-th part, i = 1, 2 [6] . Here the HilbertSchmidt norm ||A|| = tr(A † A) has been used as the measure of distance. We call Q i (ρ) semiquantum correlation typically compared with the total quantum correlation, i = 1, 2.
Based on these, we define the total quantum correlation Q 12 (ρ) as the minimized distance
Q 12 (ρ) = 0 if and only if ρ is a C-C state.
The sum of the semiquantum correlations is generally larger than the total quantum correlation. We call this discrepancy the joint quantum correlation,
The geometric picture of these quantum correlations is clear and illustrated in Fig. 1 .
In fact the set of C-Q states, Q-C states and C-C states are not convex. The overlap between the set of C-Q states and the set of Q-C states are the set of C-C states. For any given quantum state ρ, Q 1 (ρ) (resp. Q 2 (ρ)) is the minimum distance between ρ and the set {Φ 1 (ρ)} (resp. {Φ 2 (ρ)}) under all local von Neumann measurements on the first (resp. second) subsystem, and Q 12 (ρ) is the minimum distance between ρ and the set {Φ 12 (ρ)} under all local von Neumann measurements on both subsystems.
The geometric picture of the quantum correlations Q 1 (ρ), Q 2 (ρ) and Q 12 (ρ).
In Ref. [6] , it shows Q 1 (ρ) is equal to the geometric measure of discord which is defined as D 1 (ρ) = min σ∈Ω 1 ||ρ − σ|| 2 with Ω 1 the set of all C-Q states [4] , i.e. Q 1 (ρ) = D 1 (ρ). Thus for any quantum state ρ, the nearest C-Q state induced by local von Neumann measurement on the first subsystem is just the nearest one comparing all the C-Q states. Furthermore, we can get a general conclusion that, for any quantum state, the nearest semiquantum state or classical state induced by local von Neumann measurement is the nearest one comparing all the semiquantum states or classical states.
The total quantum correlation Q 12 (ρ), semiquantum correlations Q i (ρ) (i = 1, 2) and the joint quantum correlation δ(ρ) have the following properties.
First, Q 12 (ρ) < 1 is obvious by definition. Second, for any quantum state ρ, assume Φ ′′ 1 and Φ ′′ 2 are the optimal local von Neumann measurements acting on the first and second subsystems respectively such that they reach the minimum of total quantum correlation, i.e.
Fourth, to show δ(ρ) ≥ 0, we suppose Φ ′ i is the optimal local von Neumann measurement acting on the i-th subsystem that reaches the minimum of the semiquantum correlation for ρ, i.e.
(ii) If Q i (ρ) = 0 or Q 12 (ρ) = 0, i = 1, 2, then ρ has no joint quantum correlation, δ(ρ) = 0.
(iii) All these quantum correlations are invariant under local unitary operations.
According to the definitions and properties of these quantum correlations, we have the following theorem whose format is analogous to the one in Ref. [13] .
Theorem 1
j } = {|φ j φ j |} be two arbitrary local von Neumann measurements acting on the first and second subsystem respectively, with
After the local von Neumann measurement Φ 1 acting on the first subsystem, quantum state |ψ becomes
In order to find the minimum of Q 1 (|ψ ) and the nearest C-Q state Φ 1 (|ψ ) to |ψ , we need to find the maximum of tr[(Φ 1 (|ψ )) 2 ] under the constraints in Eq. (6) . Consider the multivariable function
with the restrictions
it can be verified that the function f (x) is convex with respect to the variables x ij , as its Hessian matrix is nonnegative. Therefore its maximum is attained at the boundary, x ij = 0, 1, ∀i, j. Hence we further derive that the maximum of f (x) is i λ 4 i which is attained when the matrix X = (x ij ) is a permutation matrix. Therefore we have max Here it is worth to mention that for any bipartite pure state |ψ , its quantum correlations are proportional to the squared concurrence [14] [15] [16] ,
Hence the quantum correlations for pure states are just the quantum entanglement [2] .
In addition, if one restricts the local von Neumann measurements to the ones that keep the marginal states invariant, one can similarly define total quantum correlation, semiquantum correlation and joint quantum correlation. In this way, the properties (i)-(iii) and Theorem 1 still hold true.
For general bipartite mixed state ρ, the quantum correlation can be estimated in view of
Ref. [6] as follows.
Theorem 2 For any mixed state
n 2 j=1 c ij X i ⊗ Y j , where X 1 = I m , Y 1 = I n , X i and Y i are the generators of SU(m) and SU(n) respectively,
where
, n and i = 1, · · · , n 2 with {|k } and {|l } any orthonormal basis for the first and second subsystems respectively. Especially,
i=n+1 λ i , where λ i are the eigenvalues of CC T listed in decreasing order.
In fact, these quantum correlations can be calculated exactly for some special quantum states. For the isotropic states [17] :
i=0 |ii , we have the semiquantum correlation and total quantum correlation are
. While, for the Werner states [18] :
where V = n−1 i,j=0 |ij ji| and f 2 = ψ + |ρ 2 (f 2 )|ψ + , −1 ≤ f 2 ≤ 1, we get the semiquantum correlation and total quantum correlation are
. So for these two classes of states, the joint quantum correlation is the same as the semiquantum correlation and total quantum correlation. Furthermore they have no quantum correlation if and only if they are the maximally mixed state. Thus almost all isotropic states and Werner states have nonzero quantum correlations.
For quantum correlation detection, notice that tr(ρ 2 ) = tr[(P
, where P ± are the projectors on the symmetric and antisymmetric subspaces respectively [19] , so this provides an experimental way of measuring quantum correlations Q i (ρ) and Q 12 (ρ), i = 1, 2. For any given local von Neumann measurements Φ 1 and Φ 2 , the experimentally accessible witness for Q 1 (Φ 1 , ρ), Q 2 (Φ 2 , ρ) and
can also be constructed by using the strategy proposed in Ref. [12] . Consider now the dynamics of the total system given by some unitary operator U. If ρ has nonzero total quantum correlation (resp. semiquantum correlation), namely, ρ and Φ 12 (ρ) (resp. Φ i (ρ)) are not identical, then it has
for i = 1, 2, and
, the expectation value of the function
dµ(U) is the probability measure on the unitary group. It shows the expectation value of the distance between the quantum state and the corresponding classical states (resp. semiquantum states) is proportional to the total quantum correlation (resp. semiquantum correlation), with the prefactor depending only on the dimensions of the subsystems. The expectation value of this witness in Eq. (7) or Eq. (8) with respect to randomly drawn unitaries is nonzero if and only if the initial state contains total quantum correlation (resp. semiquantum correlation) or joint quantum correlation respectively.
As an application of the joint quantum correlation we consider the problem of local distinguishability of quantum states. A set of bipartite pure states is exactly locally distinguishable if there is some sequence of local operations and classical communications (LOCC) that determines with certainty which state it is. The Bell states present a simple example of an orthogonal set that is not locally distinguishable [20, 21] . In Ref. [21] it has been proved in two-qubit system that if two separable and orthogonal states |ψ 1 and |ψ 2 are locally distinguished, then they must be of the form
(|10 + |11 )}. Three separable and orthogonal states are locally distinguished if and only if they have the form, 
III. SUMMARY
To summarize, we have investigated the quantum correlations induced by the local von Neumann measurement and classified the quantum correlation into total quantum correlation, semiquantum correlation and joint quantum correlation. The properties of these quantum correlations have been discussed here. Furthermore an analytical formula of these quantum correlations for pure state has been obtained, which shows the quantum correlation in pure state is just the squared concurrence. Additionally, an experiment witness for these quantum correlations has been given in experimental accessible way. As applications, the nonexisting joint quantum correlation is shown to be the necessary condition for the local distinguishability of two-qubit separable and orthogonal pure states. This method can be generalized to multipartite case and we hope this work give insight into the comprehensive
